Multiple forms for standing waves in deep water periodic in both space and time are obtained analytically as solutions of Zakharov's equation and its modification, and investigated computationally as irrotational two-dimensional solutions of the full nonlinear boundary value problem. The different forms are based on weak nonlinear interactions between the fundamental harmonic and the resonating harmonics of two, three, ... times the frequency and four, nine, ... respectively times the wavenumber. The new forms of standing waves have amplitudes with local maxima at the resonating harmonics, unlike the classical (Stokes) standing wave which is dominated by the fundamental harmonic. The stability of the new standing waves is investigated for small to moderate wave energies by numerical computation of their evolution, starting from the standing wave solution whose only initial disturbance is the numerical error. The instability of the Stokes standing wave to sideband disturbances is demonstrated first, by showing the evolution into cyclic recurrence that occurs when a set of nine equal Stokes standing waves is perturbed by a standing wave of a length equal to the total length of the nine waves. The cyclic recurrence is similar to that observed in the well known linear instability and sideband modulation of Stokes progressive waves, and is also similar to that resulting from the evolution of the new standing waves in which the first and ninth harmonics are dominant. The new standing waves are only marginally unstable at small to moderate wave energies, with harmonics which remain near their initial amplitudes and phases for typically 100-1000 wave periods before evolving into slowly modulated oscillations or diverging.
Introduction
Standing waves may be generated at the free surface of deep water contained between two parallel vertical walls. The most important feature is that their spectrum with respect to the coordinate perpendicular to the walls is discrete, with wave numbers which are integral multiples of 1r / £, where f is the distance between the walls. If they are also periodic in time we describe them as pure standing waves, in contrast to standing waves which are evolving in time.
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Although Stokes investigated nonlinear progressive waves in the middle of last century, it appears that it was not until Rayleigh (1915) presented the third order theory that investigations of nonlinear standing waves at the free surface of deep water have been reported. Penney & Price (1952) extended Rayleigh's method to the fifth order and applied it to a postulate that the stable standing wave of greatest height has a crest of right-angled nodal form. Taylor (1953) tested the results of Penney & Price experimentally, showing reasonable agreement with their conclusions although he disagreed with parts of their arguments. Saffman & Yuen (1979) used a numerical scheme which calculates the evolving position of the free surface to obtain wave profiles consistent with those predicted by Penney & Price and observed by Taylor. It is noted that the standing waves observed by Taylor and calculated by Saffman & Yuen are not pure standing waves. The different forms of standing waves described in the present investigation are pure standing waves, although in addition we do calculate time evolution properties of them. Schwarz & Whitney (1981) and Rottman(1982) developed high order expansions which were summed with the assistance of Pade approximants, with the aim in both investigations of understanding the approach to the wave of greatest height. The present investigation is restricted to standing waves of small to moderate heights. Mercer & Roberts (1992) also studied steep standing waves using a distribution of vortices on the water surface, in a semi-Lagrangian approach. All of the above authors restricted themselves to pure standing waves with a Stokes ordering of harmonic amplitudes. Rottman (1982) , however, indicated the possibility of different solutions with a different ordering of harmonic amplitudes, but did not pursue it in detail. Glozman et al (1993) and Agnon et al (1992) derived and used a recursive high order Hamiltonian formulation of the water wave problem to study standing waves. Glozman et al focussed their computation on the interaction of the fundamental harmonic with the fourth harmonic in pure standing waves. They found, in addition to the Stokes type of wave, four new waves in which the fourth harmonic is comparable to the fundamental harmonic. Agnon et al investigated all five waves (which they denoted S, A, B, C and D) using 12 to 20 harmonics, and found that all exist to high order. In the present investigation, we study the existence, stability, and long time behaviour of these and other new standing waves. Okamura (1984) used Zakharov's equation, which is correct to the third order, to make calculations of the linear stability of pure standing waves with the Stokes ordering of harmonic amplitudes. The regions of instability of these waves to two-and three-dimensional standing wave disturbances were found. Although the mathematical description is consistent and the calculations at the lower wave steepnesses appear to be correct, there is a degree of abstraction in allowing the standing wave disturbances to have a continuous spectrum, unrelated to the discrete spectrum of the standing waves themselves. Also, the third order theory is not valid at the higher wave steepnesses considered. Stiassnie and Shemer (1984) modified Zakharov's equation in extending it to the fourth order. We use their improved formulation to find the regions of linear instability applicable to the different standing waves considered below.
Theory

Background
The equations governing the irrotational motion of waves on the free surface of deep water are '1 2 </J = 0, z � r,(x, t), 'T/ t + \J cp .\JfJ -{pz = 0 } {p t + �(\Jcp) 2 + gz = 0 ' Z = 'TJ(X, t),
IV </JI --+ 0, z --+ -oo, (2. la) (2. lb) (2.lc) where cp(x, z, t) is the velocity potential, r,(x, t) is the displacement of the free surface and g the gravitational acceleration. The horizontal coordinates are x = (x, y), the vertical coordinate z is pointing upwards, and t is time.
When initial conditions are given in terms of fJ(X, 0), </J(x, r,(x, 0), 0), the problem can be transformed into an evolution equation in the Fourier plane i �� = l 3(k, t) + l4(k, t) + l5(k, t) + ... The new dependent variable B(k, t) is a free component of the wave field (as distinct from the bound components defined below), and /3, l4, Is, ... are integral operators representing quartet, quintet, sextet, ... , nonlinear interactions respectively.
The leading term /3 on the right side of (2.2) was first derived by Zakharov (1968) , the higher order term / 4 by Stiassnie & Shemer (1984) , with
, where a compact notation is used in which the arguments ki are replaced by the subscript i and the subscript zero is assigned to k. The frequency w is related to k through the linear dispersion relation w(k) = (glkl) 1 / 2
• The kernels TJ;i, 2 , 3 , uJ;i, 2 , 3 , 4 , ... , as well as other kernels to appear subsequently, are given in Stiassnie & Shemer (1984) . The asterisk denotes the complex conjugate. The component B(k, t) is related to the Fourier transform (denoted by A) of 77(x, t) and of the velocity potential at the free surface, </J 8 (x, t) = </J(x, 77(x, t), t), through b(k, t) where We consider two dimensional standing waves (independent of y) in the present investigation, in a deep tank with walls at x = O, £. The end conditions are 6) and B(k, t) has the discrete structure
7) m=l
where k = 1r / £ and i is the unit vector in the x-direction. The upper bound M is set to ensure that the sum stays within the gravity wave regime.
Linear and weakly nonlinear theory
The general solution of the linearized two dimensional version of (2.1) or (2.2) with the end conditions (2.6) is The general series (2.8a,b) consist of standing waves with a common wavelength 2£ and a range of periods. We focus here on standing waves for which the motion is strictly periodic in time with a period T where T = 2(1rf/g) 1 1 2 , which we call pure standing waves. They are obtained when a m = 0 for all m except when m = n 2 , n = 1, 2, ... , and are given by 'r/ = L a n 2 cos (n 2 kx) cos [n(gk)
A large variety of standing waves of this type is possible because of the large range of possible values for a n 2 and T n 2·
Weakly nonlinear interactions produce standing wave solutions containing the series (2.8a,b) (or (2.9a,b)) except that a m and T m are functions of the slow times t p = € P t, p = 2, 3, ... . The weakly nonlinear solutions also include the bound components composed from double, triple, ... products of the free components. For weakly nonlinear pure standing waves to exist with a strict periodicity like their linear counterpart (2.9a,b), it is necessary that a n 2 is independent of time and that T n 2 has a specific time dependence. This constraint imposes selection criteria for a n 2 from the third order theory and for T n 2 from the fifth order theory, which are derived in § § 2.3 and 2.4 respectively.
The above weakly nonlinear standing waves also have slowly varying forms in which a n 2 and T n 2 are functions of the slow times, t p = € P t, p = 2, 3, ... . Side-band instability which brings in the components a m for m = n 2 ± 1, n = 2, 3, ... produces slowly varying standing waves of this type. This phenomenon is discussed in §2.5.
Third order (Zakharov's) theory
We consider weakly nonlinear pure standing waves containing three free components for and A n 2, n, </J n 2 are all real constants with A n 2 > 0. The period of this standing wave is T -2 1r (2.11) -( g k ) 1 12 + n . The standing Stokes wave is a solution of (2.13) if A4 = Ao = 0, when the well known result is obtained This derivation uses the relation from Stiassnie & Shemer (1984) .
The system (2.13) admits four additional nontrivial solutions.
(i) For Ao = 0, elimination of n between (2.13a) and (2.13b) gives with n the same as in (2.14). Zakharov's equation, containing the lowest significant order of nonlinearity, enables specific values to be obtained for the wave amplitudes a n 2· It does not provide any information about the phases ¢n2, For this, it is necessary to go to higher nonlinearities using the modified Zakharov equation and its extensions.
Higher order nonlinearity
Substitution of (2.10) into (2.2) with I p = 0, p > 4 (modified Zakharov's equation) yields These different types of standing waves were first described by Agnon et al (1992 
Linear stability
The linear stability of the new waves to small disturbances at adjoining wavenumbers is studied next. Two cases are considered.
(i) Class I instability of the wave having components A1 and Ao with disturbances at kB = Bk and k10 = lOk. This instability has the time scale t 2 = e 2 t. The governing equations are where Bo is given by (2.lOb) with (2.14a,b) and (2.16). Following Stiassnie & Shemer (1984) or Okamura (1984) , the range of steepness for instability, which is found to be independent of <pg and thus the same for the standing waves SNA and SNC, is given by 0.0812 < ka1 < 0.3239. (2.21c)
(ii) Class I combined with Class II instability of the wave having components A1 and A4
with disturbances at k3 = 3k and k5 = 5k. This instability has the time scale t3 = e 3 t approximately. The governing equations are 
Computation
Governing equations
The dimensional quantities of the previous section are all made nondimensional for the purpose of computation. Lengths are made nondimensional with respect to ffrr, where f is the distance between the vertical walls, so that the standing wave motion talces place between the vertical planes x = 0 and x = 1r. Times are made non-dimensional with respect to the inverse of the lowest linear frequency (1rg/£) 1 1 2 • The displacement of the water surface is written z = ry(x, t) and the water motion is assumed to be irrotational with the non-dimensional velocity potential </J( x, z, t). This satisfies Laplace's equation <Pxx + <Pzz = 0, Z :::;; 'f/, (3.la) with <Px = 0 on x = 0 and x = 1r, and <Pz -t Oas z -t -oo. The nonlinear boundary conditions on the water surface are the kinematic condition and the dynamic condition
One of the simplest nonlinear solutions is that for two-dimensional pure standing waves. Their Fourier series expansions (before truncation) are
and 00 L cos mx e mz ( C m n cos nwt + d m n sin nwt), m + n even, (3.2b) m=l n =mmod2 where the coefficients a m n, b m n, C mn , d m n are constants, and w ("' 1) is the nonlinear frequency of the fundamental hannonic. The constraint that m+n is even is a consequence of the invariance of r, and </> when x and wt are both changed by 7r.
A number of measures of the nondimensional standing wave amplitude have been used previously. Solutions of Zakharov's equation have often used the steepness of the fundamental hannonic, a11, while Schwartz and Whitney (1981) use half of the nondimensional wave height at t = 0, which in the present notation is 00 00 esw = I: I: a m n, m, n odd.
In order to reflect the fact that the present standing waves can have hannonics with local amplitude maxima at other than the fundamental hannonic, with phases different from that of the fundamental hannonic, the nondimensional root mean energy is chosen as the measure of wave amplitude. It is West (1981) , pp32-4), which is independent oft because of the conservation of energy. Note that e ,...., a11 in the linear limit of a standing wave at the fundamental hannonic (with phase zero) only.
Pure standing wave solutions (fixed point method)
When the Fourier series (3.2a,b) are substituted into (3.lb,c), denoted by F = 0, G = 0 respectively, the resulting equations may be rewritten 00 00 
Each solution for the coefficients is then used as an initial approximation to the next solution as
€ is increased. The method of solution described above has evolved from one developed origi nally for three-dimensional permanent waves on deep water (Bryant, 1985) . The generalization of the method to calculations of the nonlinear time evolution is described next.
Non-periodic standing waves (time evolution method)
The displacement, TJ(x, t ) , and velocity potential, </J(x, z, t ) , are expanded now in Fourier series in x, with Fourier coefficients dependent on t, to yield (before truncation) Although the Stokes standing waves are generally regarded as being stable at small to moderate amplitudes, they are unstable to subharmonic disturbances such as those described in (2.21a,b,c) . The instability range (2.21c) suggests that if a set of 9 Stokes standing waves is generated between the vertical walls, with f = 0.1 for each wave, the set is unstable to sideband disturbances at wave numbers 8 and 10. Initial conditions were chosen to consist of these 9 standing waves perturbed by a disturbance of amplitude 0.01 at wave number 1, and their time evolution was calculated to confirm the initial linear instability and to find the form of the evolving standing wave motion. 
Standing waves with resonating first and four th harmonics
The weakly nonlinear theory predicts that pure standing waves exist for which the first and fourth harmonics interact resonantly with the amplitude ratio (2.15) When the root mean energy e is increased further, the nonlinear modulation retains the same form as in figure 2 except that the modulation period decreases. Fore> 0.16 approximately, the nonlinear energy transfer to the higher harmonics causes the time evolution calculations to fail before the nonlinear modulation is established. The SC standing waves follow the same long time evolution except that the modulation periods are longer. The modulation period for the standing wave SC when e = 0.1 is 4200 wave periods, compared with the 3160 wave periods of fi gure 2.
It is not possible to calculate the harmonics of the SB and SD standing waves to the same high numerical precision, using the fixed point method ( §3.2), as it is for the SA and SC waves. When the numerical precision is set so that the error < 10-5 , the fixed point method remains in the neighbourhood of a solution instead of converging to it. This appears to be a consequence of the weak dependence of the harmonics on their phases compared with the dependence on their amplitudes. The phases are fixed at zero or 1r for the SA and SC waves, but a similar constraint is not applicable to the SB and SD waves. There is not sufficient numerical precision to obtain meaningful polynomial expansions for the frequency w and the amplitude a42 of the SB and SD waves in tenns of the fundamental amplitude a11, However, the precision is sufficient to observe that the frequency for the SB and SD waves is found to follow the same curve, within a difference less than 10-4 , as that for the SA and SC waves over the range O < e < 0.2. Also, the amplitude ratio a42/a11 for the SB and SD waves lies close to that for the SA and SC waves over the range O < e < 0.05 (4.3b), but progressively departs from it at larger e.
When the long time evolution of the SB and SD waves is calculated at e = 0.05, their harmonic amplitudes stays almost constant over the 10000 wave periods of the calculation, but like the SA and SC waves at the same value of e, the phase a42 of the dominant fourth component relative to the phase a11 of the dominant first component drifts from its initial value over the same long time. The SB and SD waves do not evolve into a nonlinear modulation of the harmonics at higher values of e like the SA and SC waves, as illustrated in figure 2.
Instead, for e = 0.1, the harmonics remain constant in amplitude and phase for about 3000 wave periods, then the calculation progressively fails because the nonlinear transfer of energy to the higher harmonics causes energy accumulation at the truncation harmonics. The harmonics remain constant for about 200 wave periods ate= 0.15, and only for about 30 wave periods at e = 0.2, before failure of the calculations. The time intervals over which the wave amplitudes remain close to their initial values are of comparable length to those found for the SA and SC waves, indicating that all four types of standing waves are of comparable stability.
Standing waves with resonating first and ninth harmonics
The weakly nonlinear theory predicts that pure standing waves exist for which the first and ninth hannonics interact resonantly with the amplitude ratio (2.16) ag3 1 a11 = 9 in the present notation (3.8a,b). The only pure standing waves of this type that have been predicted theoretically and found computationally have the values 0, 1r for the phase aoa relative to the phase au, These two are denoted by standing waves SNA, SNC respectively. The letter S indicates that, as with the Stokes standing waves, the amplitude a 11 is dominant, the letter N indicates that the amplitude a42 is almost null, and the third letter indicates that the phase aoa relative to 011 is zero or 1r for the two solutions respectively.
The fixed point computational method ( §3.2) converges rapidly to the SNA and SNC standing wave solutions with high numerical precision (error< 10-1 0), up to e = 0.2. Like the Stokes standing waves, the time origin may be chosen so that all the Fourier sine coefficients in (3.2a,b) for the SNA and the SNC waves are zero. The frequency w, expanded as a polynomial in the fundamental amplitude au over the range O < e < 0.05, is found to be w = 1.000000 -0.1250at 1 -0.04a f1 + ... , (4.4a) correct to 6 decimal places, for both the SNA and SNC standing waves. The amplitude ag3 is given by aoa = O.lllllau -1.230at1 ± O.OOlaf1 + ... , (4.4b) correct to 6 decimal places, where the upper sign refers to the SNA waves and the lower sign to SNC waves. The phase aoa ( relative to au) is zero for the SNA waves and 1r for the SNC waves. This expansion confirms (2.16) and has a similar form to (4.3b), with the linear and cubic leading terms arising from the resonant interaction between the first and ninth hannonics. Apart from the maximum near aoa, the remaining hannonic amplitudes for the SNA and SNC waves lie close to a Stokes ordering.
The stability of the SNA and SNC standing waves for root mean energies in the range 0 < e < 0.2 is determined by calculating their long time evolution ( §3.3) for up to 10000 wave periods. At € = 0.05, the harmonic amplitudes of both the SNA and SNC waves stay almost constant over the 10000 wave periods, but the phase 093 of the dominant ninth component relative to the phase 011 of the dominant first component drifts monotonically by more than 1r over the same long time. Their long time behaviour at this value of e is almost identical with that of the SA and SC waves. The stability of the SAC standing wave for root mean energies in the range O < € < 0.2 is determined by calculating their long time evolution ( §3.3). At € = 0.05, the harmonic amplitudes stay almost constant over the l dOOO wave periods of the calculation, but the phases 042, 093 of the dominant components relative to the phase au of the first component drift over the same long time. The long time evolution when the root mean energy is increased to€= 0.1 is illustrated in figure 4 , starting from the fixed point standing wave solution with the only disturbance being the initial numerical error. It can be seen that the standing wave amplitudes remain near their initial values for about 400 wave periods before evolving into nonlinear modulated oscillations. Their subsequent evolution consists of the slow change observed in figure 2 for the amplitudes au and a42, superposed on the the faster modulation observed in figure 3 as the amplitude a93 interacts independently with the free components in its sidebands. The root mean energy € changes by less than 0.1 % over the first 3500 wave periods illustrated, and then by about 0.3% over the last 1500 wave periods associated with the change in appearance of the modulation. When the root mean energy is increased to € = 0.15, the SAC standing wave amplitudes remains near their initial values for about 100 wave periods. They then begin nonlinear modulated oscillations similar to those in figure 4 except that the modulation periods are smaller. These terminate after a further 250 wave periods when the nonlinear energy transfer to the higher harmonics causes the time evolution calculations to fail.
Standing waves with resonating fourth and ninth harmonics
The third order theory in §2.3 not only admits pure standing wave solutions in which resonant interactions occur between the two harmonics with amplitudes a11, a42 or with amplitudes a11, a93, but also those in which resonant interactions occur between the two harmonics with amplitudes a42, a93 while the fundamental amplitude a11 remains much smaller. The theory (2.17b) indicates that these standing waves have an amplitude ratio 
Summary and Discussion
The Stokes standing wave S was the only known pure standing wave until Agnon et al 
